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It is proven that the Diophantine equation xe + 11 = 3” has as its only solu- 
tion (x, n) = (4,3). This establishes that the Diophantine equation x2 + D = 
p*, where D = 3(mod 4) and p = (D + 1)/4, is prime,has no nontrivial solutions 
(x, n) for D > 11. The only remaining case, D = 7, is known to have exactly 
5 solutions. It is shown that the sequence of a, satisfying a,+z = a,+l - 3a, 
(a, = a2 = 1) has the property that no integer greater than 1 can occur more 
than once. This is applied to the equation x2 + 1 lz* = 3”. 
1. INTRODUCTION 
Let D E 3 (mod 4) and p be a prime. Cohen [2] proved that the 
Diophantine equation 
x2 + D = p”, p = CD + I)/4 (1) 
has no nontrivial solutions (x, n) for D > 19. The case D = 7, p = 2 
was first solved by Nagell [6] in 1948. He showed that x2 + 7 is a power 
of 2 only in the five cases: x = 1, 3, 5, 11, 181. In 1960 after Skolem, 
Chowla and Lewis [7] obtained the same result (1959) by a different 
method, Nagell published his proof in English. (The 1948 paper was 
written in Norwegian.) Actually many proofs for this equation have 
appeared and they are discussed and analyzed in Hasse [3]. Thus, in 
order to solve Eq. (1) for all D = 3 (mod 4), it only remains to study the 
case D = 11. In this paper it is shown that the only solution to 
x2+11 =3”, x30 (2) 
occurs when (x, n) = (4, 3). It should be noted that ApCry [l] showed 
that Eq. (2) can have at most two solutions. The proof of the main result 
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of the present paper uses some of the ideas of Skolem, Chowla and 
Lewis [7] combined with the elementary method of Nagell [6]. 
In Section 3, a sequence of integers, related to Eq. (2) is studied. It is 
proven that with the exception of 1, which occurs 3 times, no other 
integer can occur more than once. It is also established, using the method 
of Section 2 together with the theorem of Section 3, that for each z the 
Diophantine equation 
x2 + 1122 = 3”, X20 (3) 
has at most one solution. 
2. SOLUTION 
Suppose n and x are rational integers and that Eq. (2) holds. Clearly, 
it > 3 and by taking congruences modulo 4, it follows that IZ is odd. 
Equation (2) can be factored as 
3fl = x2 + 11 = (X + &11)(x - &ii). 
It is easy to see that the numbers x + a and x - &ii are relatively 
prime integers in the quadratic field Q(a), in which factorization is 
unique. In Q(d--ll), 3 = rr’, where r = +(l + &i-l) and I‘ = 
$(l - 2/-l 1) are conjugate but not associate primes. It follows from 
Eq. (4) that 
r”=xfCii, (5) 
x + v-f = (Kl f &ii))? (6) 
and 
rn - P = &2 Gii. (7) 
Conversely, if n and x are rational integers for which Eq. (5) holds, 
then they are a solution of Eq. (2). Thus the number of solutions of Eq. (2) 
is precisely the same as the number of rational integers n for which Eq. (5) 
holds. 
Consider the tist six powers of r: 
r = $(l + d-11) r2 = 4(-5 + Gii) r2=-4-dTi 
r4 = 4(7 - 5 &ii) r5 = i(31 + a) ra=5+8&ii. 
Clearly, n = 3 is the only value of Iz < 6 for which Eq. (2) has a solution. 
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It is easy to show, by induction, that rn = A + B d/-11 with A and B 
rational integers if and only if 31~ If rz 3 5 (mod 10) it now follows that 
rr E 15 (mod 30). Since r15 is of the form C + 3590 d/-rl, it follows 
that r15k: is of this form for every k >, 1. Thus it = 5 (mod 10) is impossible. 
Now suppose n G 1, 7, or 9 (mod 10). Since 31° = 1 (mod 61), Eq. (2) 
gives x2 = 3l - 11 E -8 (mod 61), x2 = 3’ - 11 = 43 (mod 61), or 
x2 z 3g - 11 z 30 (mod 61). But, (-8/61) = (43/61) = (30/61) = -1, 
which is a contradiction. Since it is odd, it follows that n = 3 (mod 10). 
By considering Eq. (7) modulo r’, it follows from 
that 
r E 1 (mod r’) 
1 = 12 d-11 (modr’). 
But this congruence is possible only when the right-hand side is 
-2 d-11. Thus Eq. (7) may be written as 
-2” = (;) - (“3) 11 + (‘I) 112 - + -.. f. (nn) ll(n-1)‘2. 03) 
Eq, (8) implies the congruence 
-2” = n (mod 11). 
From n = 3 (mod 10) and 21° = 1 (mod 1 l), this implies n = 3 (mod 11); 
consequently 
n = 3 (mod 110). 
To show n = 3 is the only solution to Eq. (2), suppose there is another 
and let 
n-3 = ll”*lO.h, 
where h is an integer not divisible by 11. The numbers 
n. 
(2k + 1) 
n(n - l)(n - 2)(n - 3) 
‘I”= (2k-2)(2k-1)2k(2k+l) 2k-3 Ilk r-4) 
are divisible by 1 10+1 for k > 2, since 1 lk-l > 2k + 1. From Eq. (8) it 
follows that 
-2” z n - y n(n - l)(n - 2) E n - 11 (mod 1 l.+l). 
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The 1 lath power of any integer congruent to 1 (mod 11) is congruent to 1 
(mod 1 la+>. Thus 
Thus 
-2” = -8 . p-3 G 4 (mod lla+l). 
n-3=0(modlla+l) 
contradicting the hypothesis on n. 
3. A RELATED SEQUENCE 
Consider the sequence of integers satisfying the recursive relation 
a, = 0, a, = 1 and a,,, = a,, - 3anel if n>l. (9) 
Observe that 
Hence, 
a, = & (P - r’%), n > 0. 
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a, = - p-1 2 (2j; 1) (-ll>j n = 1,2,... . (10) 
By comparing Eq. (8) and Eq. (10) it follows that a, = -2 if and 
only if Eq. (2) has a solution and so a, = -2 if and only if n = 3. One 
observes that a, = a, = a, = 1. According to a well known conjecture 
[4; 5, p. 661, no integer should appear in this sequence more than 5 times. 
From a result of Laxton [4] it follows that no integer can appear in the 
sequence more than 8 times, Using a p-adic method similar to [7] the 
following theorem is obtained. 
THEOREM. If t is any integer, the equation 
a, = t (11) 
has at most one solution unless t = 1, in which case, the solutions are 
n = 1,2, 5. 
In order to prove the theorem one first observes that an easy induction 
argument using Eq. (9) yields 
an* = a,++, - 3a,am-l . 
Consequently, a, 1 a, whenever r 1 s. 
The next lemma will be used in the proof of the theorem. 
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LEMMA. If m and n are positive integers, then 
(an ,4 = 33hd . 
In particular, if m is the smallest solution of a, = it and n is any other 
solution, then m I n. 
Proof. Suppose (m, n) = cn + dm where, say c 3 0 and d < 0. By 
W. W, 
a cn = ahn)-dn = ah,~)al-dm - 3ah,n)-1a-dm . 
From Eq. (9), it follows that (a,, a,,,) = 1 for all r > 0. Since a, [ acn 
and am 1 a-dm. , it follows that (an , am) I a(,,,) which completes the proof. 
The above lemma is due to the students A. Damelio and E. Leggett. 
Proof qf the Theorem. Let (1/2)l” = 1 + y . 1 la, where y is an 1 1-adic 
unit and 01 >, 1. If 0 < i < 9, then Eq. (10) may be rewritten as 
alok+i = (l/210)” (l/2”-1) go (YZli) (-ll>j 
= (1/2i-1)(1 + llyk f ..+) [(lOk + i) + (-11) (‘““,+ ‘) + *a*] 
= (l/2$-l)(lOk + i + 116) 
where 6 is a convergent power series in k with 11-adic coefficients. By 
Strassman’s Theorem [5, p. 541, it follows that aloe+i - t = 0 has at 
most one 11-adic solution for each i. Consequently there is at most one 
integer solution of a, = t in each congruence class modulo 10. 
Since a,, = 31 and a,, = 253 = 5 (mod 31), Eq. (12) implies a,,,, = Sa, 
(mod 31). Hence alon+i = t only if t is in the coset of the subgroup 
(1, 5, 52 (mod 31)) which contains ai (mod 31). It is routine to check that 
a, = 1, 1, 29, 26, 1, 16, 13, 27, 19, 0 (mod 31) when n = 1,2 ,..., 10 resp. 
Now 1, 29, 26, 16, 13, 27, and 19 are in different cosets of (1, 5,25 
(mod 31)). It follows that a, = t has at most one solution unless t = 1, 5, 
or 25 (mod 31) in which case the solutions are in the congruence classes 1, 
2, and 5 (mod 10). Note also that a, SE 26, 6, or 30 (mod 31) only when 
n = 4 (mod 10). 
Now suppose a, = t has more than one solution. Then let m be the 
smallest’solution of a, = ft. If a, = -t, then m = 4 (mod 10). By the 
lemma, m is a factor of all the solutions of a, = t and so all these solutions 
are even, which contradicts the fact that n = 2 (mod 10) contains at most 
one solution of Eq. (11). Thus a,,, = t, and m is a factor of every solution 
of Eq. (11). If m = 2 or 5 (mod lo), then every solution would be r0 
modulo 2 or 5 resp., which implies that m is the unique solution of Eq. (11) 
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by the first paragraph of this proof. Consequently, one can suppose 
m = 1 (mod IO). 
Since a, = 1 has the solutions n = 1,2, and 5, one may suppose 1 # t 
and a, = a, = t with m < n. Let p be a prime divisor of n/m. Then 
a,,, 1 am3 and a,, 1 a,, = a,,, . Hence ams = &t. But if arnD = -t, then 
mp = 4 (mod 10) and so p E 4 (mod lo), which contradicts the fact that 
p is prime. Consequently, am3, = t and we may suppose n = mp. Since 
mp = n G 2 or 5 (mod IO), p = 2 or 5 sincep is prime. 
An easy induction proof using Eq. (9) shows that a, = 7 - 3n (mod 9) 
for n > 1. Now 
7-3m=a,,,=a,,,,s7-3mp(mod9) 
implies m = pm (mod 3) and hence 3 1 m since p = 2 or 5. 
In case p = 2, Eqs. (12) and (9) give 
azm = am(am+l - 3a,J = a,@,+, - am) = a, , 
which implies 2a,+, = 1 + a, . Since 3 1 m implies -2 = b, 1 b, , this 
gives a contradiction module 2. 
In case p = 5, 3 1 m and m = 1 (mod 10) imply n = 21 (mod 30), and 
so by the second paragraph of the proof, a,,, = azl = 25 (mod 31). But 
5m = 105 = 15 (mod 30) implies a 5na - aI5 = 5 (mod 31), which contra- = 
dicts a,, = a, . The proof is complete. 
By using the technique of Section 2, it now follows, as a corollary to 
this theorem, that Eq. (3) has at most one solution. 
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